Abstract. Let G be a connected, semisimple and simply connected algebraic group defined and split over the finite field of order p. Pillen proved in 1997 that the highest weight vectors of some Weyl G-modules generate the principal series modules as submodules for the corresponding finite Chevalley groups. This result is generalized in this paper.
Introduction and notation
Let G be a connected, semisimple and simply connected algebraic group over an algebraically closed field k of characteristic p > 0 which is defined and split over the finite field F p of order p. Let G(n) be the corresponding finite Chevalley group consisting of the set of fixed points of the n-th Frobenius map F n , and set q = p n . In representation theory of finite groups of Lie type (in the defining characteristic), it is interesting to investigate induced G(n)-modules from one-dimensional modules for a Borel subgroup of G(n), which are called principal series modules. These modules have been studied by a lot of people, such as Richen, Carter, Lusztig, Jantzen, Sawada, Pillen and so on (for example, see [2] , [6] , [10] , [11] , [12] ). Here we pay attention to the fact that Pillen has given a necessary and sufficient condition for the highest weight vector of a Weyl module to generate a principal series module: The purpose of this paper is to generalize this result. More concretely, since the latter condition λ, α ∨ > 0 is somewhat strong, we would like to obtain a similar statement without the condition. The result is given in Theorem 2.1, where we see that for any q-restricted weight λ, the highest weight vector of V ((q − 1)ρ + λ) generates a kG(n)-submodule which is a direct summand of M n (λ), and its indecomposable summands are completely determined. The argument is essentially similar to Pillen's original proof, but, actually, there is an error in the proof of Lemma 1.5 in [10] . However, it is not so difficult to modify it. Moreover, we can also weaken the assumption on q from q > 2h − 1 to q > h + 1.
Let T be a split maximal torus of G. Let B be an F n -stable Borel subgroup of G containing T , and let B + be the opposite Borel subgroup. By B + (n) we denote 3762 YUTAKA YOSHII the corresponding finite subgroup of B + . Let W = N G (T )/T be the Weyl group of G, and let w 0 be the longest element of W . Let X = X(T ) be the character group of T , and let Φ be a root system with respect to G and T . Let Φ + be the set of positive roots which corresponds to the Borel subgroup B + , and let Δ be the set of simple roots. By ρ we denote the half sum of all positive roots. The Weyl group W acts on X in a natural way, and by using this we also can define another action (called dot action) as w · λ = w(λ + ρ) − ρ. We can define a W -invariant inner product ·, · on the Euclidean space E = X ⊗ Z R. For each root α ∈ Φ, we call α ∨ = 2α/ α, α a coroot of α. Set
The elements of X + and X n are called dominant weights and q-restricted weights respectively. If α 0 is the highest short root, we call h = ρ, α ∨ 0 + 1 the Coxeter number. The dual basis (relative to the inner product) of the basis {α ∨ |α ∈ Δ} is denoted by {ω α |α ∈ Δ} (namely, ω α , β ∨ = δ α,β for any α, β ∈ Δ), and these elements are called fundamental weights. The sum of all fundamental weights is equal to ρ. We define an order relation on X:
By G-modules we mean finite-dimensional rational left G-modules. Let k λ be the one-dimensional T -module with weight λ which can be regarded as the B-or B + -module naturally. For each λ ∈ X + , let L(λ) be the simple G-module of highest weight λ, and let V (λ) and H 0 (λ) = Ind G B k λ be the Weyl and the dual Weyl modules of highest weight λ respectively. If λ = (q − 1)ρ, we write St n instead of L((q − 1)ρ) and call it the (n-th) Steinberg module. Moreover, for each λ ∈ X, let M n (λ) be the principal series module Ind
Main result
Before stating our main theorem, we have to introduce further notation. For a subset I ⊆ Δ, let ρ I denote the sum of all ω α with α ∈ I. For λ ∈ X n , set
Then [6, 4.6 (1) ] says that
On the other hand, it is well known that the induced module Ind
where each indecomposable summand Y (λ) has a simple head L(λ) (see [12, Section 3] ). Since the induced B + (n)-module Ind
U + (n) k, and we can write
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For a subset I ⊆ Δ, we denote its complement by I c . Let G I be the Levi subgroup relative to I, and let L I (λ), V I (λ) and H 0 I (λ) be the simple, the Weyl and the dual Weyl G I -modules with highest weight λ respectively. Let G I (n) be the corresponding finite group of G I and set M n,I (λ) = Ind 
Note that the theorem holds for all λ ∈ X n if q > h + 1 and that the above direct sum is isomorphic to M n (λ) if I 0 (λ) is empty. Therefore, this theorem is a generalization of Theorem 1.1.
The proof will involve a series of lemmas. 
For the next lemmas, we have to introduce some notation. Let G n be the (scheme-theoretic) kernel of the n-th Frobenius map. For λ ∈ X, L n (λ) denotes the simple G n T -module with highest weight λ, and Q n (λ) denotes the injective hull (= projective cover) of L n (λ). Let Z n (λ) be the coinduced G n T -module with highest weight λ (see [7, II, 9 
.1 (2)]). If H is a group and if V and L are H-modules with L simple, then we denote by [V : L]
H the multiplicity of L in the composition factors of V .
The following two lemmas are generalizations of Lemmas 1.5 and 1.6 in [10] . Actually, Pillen's proof of Lemma 1.5 is not complete. (Indeed, he asserts there that 2ρ ≥ (q − 1)ν ≥ 0 implies 2(h − 1) ≥ (q − 1) ν, α ∨ ≥ 0 for all α ∈ Δ, but this is clearly not true.) However, the modification is not so difficult, and moreover the modified proof requires a weaker assumption on q than q > 2h − 1.
Lemma 2.4. Let I ⊆ Δ, and suppose that q > ρ
where [ Q n (μ) : Z n (ν)] G n T is the multiplicity of Z n (ν) in the Z n -filtration of Q n (μ) (see [7, Proposition II, 11.4] 
(see [7, Lemma II, 9.16 .a] or [4, Satz 3.3] ), where ↑ is the order relation on X defined in [7, II, Chapter 6] . These inequalities and the assumption on μ imply
We shall show that ν = 0, and then μ must be equal to (q − 1)ρ + w 0 ρ I by taking w = 1 in the last inequalities. Without loss of generality, we may assume that the root system Φ is indecomposable. Then we know that at most two root lengths occur in Φ and that all roots of a given length are W -conjugate (see [3, Lemma 10.4 C]). Let α ∈ Δ be any simple root, and let β 0 be the highest root with the same length as α. Then there is an element w ∈ W such that α = wβ 0 . Moreover, we know that λ, β
+ . Now we have
. Now we know that the multiplicity is less than or equal to the multiplicity [ Q n ((q − 1)ρ + w 0 ρ I ) : Z n ((q − 1)ρ + ρ I )] G n T , which is at most one since (q − 1)ρ + ρ I is the highest weight of Q n ((q − 1)ρ + w 0 ρ I ) with multiplicity one. On the other hand, by [6, 4.6 (2) ], L((q − 1)ρ + w 0 ρ I ) appears in the composition factors of the socle of M n (ρ I ), and the lemma follows. 
appears both in the head and in the socle of the nonsimple module M n (ρ). In types A 2 , B 2 and G 2 , we can check by computing the pairs (ν, μ) directly that the lemma always holds unless q = 2 or 3. Proof. Let v be the highest weight vector (with weight (q − 1)ρ + ρ I ) of the tensor product St n ⊗ V (ρ I ). Note that this tensor product has a Weyl filtration (see [8, Theorem 1] ) and that v generates a G-submodule isomorphic to V ((q − 1)ρ + ρ I ) since the Weyl module is the only one which occurs on the bottom of any Weyl filtration of it (see [1, 1.2] ).
Consider the kG(n)-homomorphism f :
through the Frobenius reciprocity
Note that Im(f ) = 0. Now Lemmas 2.3 and 2.4 imply that the Remark. Since the socle of M n (ρ I ) is multiplicity-free, the above map f is always injective on Y (ρ I + (q − 1)ρ I c ) and zero on any other summand for any indecomposable decomposition of M n (ρ I ).
Now we turn to prove our main theorem.
Proof of Theorem 2.1. We decompose M n (ρ I 0 (λ) c ) as 
